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POINT SPECTRUM OF PERIODIC OPERATORS ON UNIVERSAL COVERING TREES
JESS BANKS, JORGE GARZA-VARGAS, AND SATYAKI MUKHERJEE
Abstract. For any multi-graph퐺 with edge weights and vertex potential, and its universal covering
tree  , we completely characterize the point spectrum of operators 퐴 on  arising as pull-backs
of local, self-adjoint operators 퐴퐺 on 퐺. is builds on work of Aomoto, and includes an alternative
proof of the necessary condition for point spectrum he derived in [Aom91]. Our result gives a
nite time algorithm to compute the point spectrum of 퐴 from the graph 퐺, and additionally
allows us to show that this point spectrum is contained in the spectrum of 퐴퐺 . Finally, we prove
that typical pull-back operators have a spectral delocalization property: the set of edge weight and
vertex potential parameters of 퐴퐺 giving rise to 퐴 with absolutely continuous spectrum is open
and dense.
1. Introduction
Consider a nite graph 퐺 = (푉 , 퐸) and its universal cover  = ( , ), together with a covering
map Ξ ∶  → 퐺. e purpose of this paper is to relate the point spectrum of certain local,
periodic, self-adjoint operators on 퓁 2() to the combinatorial structure of 퐺.
Precise denitions, notation and assumptions about the model in consideration will be discussed
below in Section 2, but for now we give a high-level overview of the problem seing. By endowing퐺 with edge weights and a potential on its vertex set, we obtain a natural self-adjoint operator퐴퐺 on 퓁 2(푉 ). is framework encompasses Schro¨dinger operators, weighted adjacency matrices,
graph Laplacians and transition matrices for random walks, and the corresponding pull-back of
the weights and potential to  induces an analogous periodic, self-adjoint operator 퐴 on 퓁 2().
e class of operators 퐴 obtained in this way contains, but is richer than, the periodic
Schro¨dinger operators in one dimension, which are of great relevance to spectral theory and the
theory of orthogonal polynomials. e spectra of these 퐴 are additionally crucial to the study of
relative expanders [F+03] and, as shown in [BC19], control in a strong sense the spectra of large
random lis of a xed base graph. Interestingly, despite the many advances in functional analysis,
operator algebras and operator theory, many natural questions regarding the spectral properties
of 퐴 are unanswered and seem inaccessible with current techniques. We direct the reader to
[ABS20] for a survey of both periodic Jacobi matrices and the diculty in generalizing to the
more generic case considered here.
In this paper we will be concerned with the spectrum of 퐴 , which we denote by Spec퐴 , its
density of states 휇 (a natural and canonical measure on Spec퐴 ), and most importantly those휆 ∈ Spec퐴 for which there exists a corresponding 퓁 2 eigenvector—in other words, the point
spectrum Spec푝 퐴 .
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Our main result is a set of necessary and sucient condition on 퐺 (including its edge weights
an potential) for Spec푝 퐴 to be non-empty. In particular, this gives a nite algorithm to computeSpec푝 퐴 from 퐺. is extends the work of Aomoto, who has already shown the necessary half
of our result in [Aom91]. However, our new and elementary argument is essentially dierent
from his, and we build on it to show, surprisingly, that Spec푝 퐴 ⊂ Spec퐴퐺 , and to give a lower
bound for the multiplicity of each eigenvalue of 퐴퐺 arising in this way. Finally, we prove that the
set of edge weights and potentials for which 퐴 has point spectrum is a closed set of Lebesgue
measure zero. is may be regarded as a spectral delocalization result of the kind long-studied
in mathematical physics [Ana18]; see [AISW20] for recent and analogous work in the context of
quantum graphs.
RelatedWork. e operators퐴 dened here have been studied by several authors with dierent
motivations and levels of generality, and are variously referred to as operators of nearest-neighbor
type [Aom91], connected, local, pull-back operators [AFH15] or periodic Jacobi operators [ABS20];
we will use the laer. When 퐺 is an unweighted 푑-regular graph (making 퐴퐺 is its adjacency
matrix), classical work of Kesten in the context of Cayley graphs [Kes59], and McKay in the
context of random graphs [McK81], proved that Spec퐴 = [−2√푑 − 1, 2√푑 − 1] and that 휇 follows
what is now called the Kesten-Mackay distribution with parameter 푑 . When 퐺 is an unweighted(푐, 푑)-bireguar bipartite graph with 푐 < 푑 , Godsil and Mohar showed that Spec퐴 = {휆 ∈ ℝ ∶√푑 − 1 − √푐 − 1 ≤ |휆| ≤ √푐 − 1 + √푑 − 1} ∪ {0} and that 휇{0} = 푑−푐푑+푐 [GM88]. ese results imply
that for adjacency matrices, when 퐺 is 푑-regular, 퐴 has no point spectrum, while when 퐺 is(푐, 푑)-biregular and bipartite, Spec푝 퐴 = {0}.
Subsequent work focused on the properties of Spec퐴 and 휇, and their relation to 퐴퐺 , without
making any assumptions on 퐺; see [A+88, Aom91, Sun92, SS92] as well the more recent [AFH15,
BC19, ABS20, GVK19]. Of relevance for the current paper is a result of Avni, Breuer and Simon
[ABS20] which states that for any 퐺, any edge weights, and any potential, the operator 퐴 has no
singular continuous spectrum. As a corollary one can deduce that the continuous part of Spec퐴
always consists of a nite union of closed non-degenerate intervals, and its singular part is the
nite set of eigenvalues of Spec푝 퐴 . Equivalently, 휇 can be decomposed into a measure that is
absolutely continuous with respect to the Lebesgue measure on ℝ and a nite sum of atomic
measures.
e most noteworthy prior result regarding the point spectrum of 퐴 is the aforementioned
work of Aomoto, who in addition to deriving necessary conditions for the presence of point
spectrum of 퐴 deduced a remarkable formula relating 휇{휆} to the combinatorial structure of퐺 for every 휆 ∈ Spec푝 퐴 . He then used these results to show that when 퐺 is a 푑-regular graph,
regardless of the edge weights and potential, 퐴 has no point spectrum. is generalizes the
case when 퐺 is a cycle, which was established by dierent authors in the mathematical physics
literature; see Section 2 of [ABS20] for a discussion and survey. In a dierent context, Keller, Lenz
and Warzel [KLW13] showed that adjacency matrices of certain trees have no point spectrum and
that this property is stable under small perturbations of the potential. For our seing, their results
imply that if 퐺 has a loop at every vertex, and if 퐴퐺 is the adjacency matrix of 퐺, it holds that 퐴
has no point spectrum.
Our results, stated in Section 3 aer the preliminary material in Section 2, recover many of
the ones above and provide a pleasant unication and generalization of the literature on point
spectra.
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2. Preliminaries
2.1. Graphs and Covers. We will work in the general seing of weighted graphs with self-loops
and multi-edges. In this setup we will regard a graph as a tuple 퐺 = (푉 , 퐸, 푎, 푏), consisting of
vertices, edges, edge-weights 푎 ∶ 퐸 → ℂ and a potential 푏 ∶ 푉 → ℂ. When it is not clear from
the context, we will write 푉 (퐺) and 퐸(퐺) to emphasize that we are referring to the set of vertices
and edges of 퐺. It will be convenient to regard 퐸 as a set of directed edges, equipped with a
direction-reversing involution 푒 ↦ 푒̌ with no xed points, as well as source and terminal maps휎, 휏 ∶ 퐸 → 푉 so that 휎 (푒) = 휏 (푒̌) for every 푒 ∈ 퐸. An edge for which 휎 (푒) = 휏 (푒) and 푒 = 푒̌ is a
self-loop, and we refer to the remainder as proper edges.1 We will also abuse notation and write휎 (푢) and 휏 (푢) for the sets of directed edges whose source and terminal, respectively, are the vertex푢 ∈ 푉 .
We say that a graph 퐻 covers 퐺 if there exists a covering map 휉 ∶ 퐻 → 퐺, namely a map of
vertices and edges which is compatible with the source and terminal maps, preserves potential and
edge weights, and is an isomorphism on 휎 (푢) and 휏 (푢) for each vertex 푢. If both are nite, then|푉 (퐺)| necessarily divides |푉 (퐻 )|, and we call their ratio 푛 the degree of the cover; equivalently
we say that 퐻 is an 푛-li of 퐺. Each 푛-li 퐻 may be expressed explicitly by an assignment of
permutations to edges 휋 ∶ 퐸 → S푛, with the property that 휋−1푒 = 휋푒̌ for each edge 푒 ∈ 퐸. en푉 (퐻 ) = 푉 (퐺) × [푛]—throughout the paper we will use the notation [푛] = {1, ..., 푛}—and for every푒 ∈ 퐸(퐺) and each 푖 ∈ [푛], we include an edge 푒̃ ∈ 퐸(퐻 ) with 휎 (푒̃) = (휎 (푒), 푖) and 휏 (푒̃) = (휏 (푒), 휋푒(푖)).
e universal cover of a connected graph 퐺 is the unique (up to isomorphism) innite tree = ( ,  ,a, b) that covers every other cover of 퐺. It can be constructed directly in terms of
non-backtracking walks on퐺, which are sequences of edges 푒1, 푒2, ...푒퓁 such that, for every 푠 ∈ [퓁 −1],휏 (푒푠) = 휎 (푒푠+1) and 푒푠 ≠ 푒̌푠+1. If we choose a root vertex 푢 ∈ 푉 , then we may set the vertex set  of to be the set of non-backtracking walks on 퐺 starting at 푢, with directed edges  whenever one
walk is an immediate prex or sux of another, and edge weights and potential inherited from
the nal edge and vertex of the walk, respectively. Up to isomorphism  is independent of the
root choice. is is manifestly a cover of 퐺, and we will call the covering map Ξ. Finally, we note
that  is nite if and only if 퐺 is acyclic—that is, if it does not contain a closed non-backtracking
walk. In this case 퐺 =  .
Given 퐺 and a universal cover  , the laer is endowed with a set of symmetries which act
transitively on  by simultaneously permuting the bres over every vertex.
2.2. Jacobi Operators, Spectra, and the Density of States. Following the convention intro-
duced in [ABS20], the Jacobi operator associated to 퐺 = (푉 , 퐸, 푎, 푏) acts on 휂 ∈ 퓁 2(푉 ) ≃ ℂ|푉 |
as: (퐴퐺휂)(푢) = 푏푢휂(푢) + ∑푒∈휏 (푢) 푎푒휂(휎 (푒)). (1)
roughout the paper, we will assume that the edge weights satisfy a conjugate symmetry
condition 푎푒 = 푎푒̌ and that the potential 푏 is real—these ensure that 퐴퐺 is Hermitian, and we will
accordingly call such edge weights and potential Hermitian as well.
When 퐻 is an 푛-li of 퐺, a standard result characterizes the spectrum of 퐴퐻 , thought of as
acting on 퓁 2(푉 ) ⊗ ℂ푛, which we will always treat as the set of ℂ푛-valued functions on 푉 . Let
1 Some authors additionally include so-called half-loops, which are edges 푒 with 휎 (푒) = 휏 (푒) and 푒 = 푒̌; see [Fri93].
Our results easily extend to this case, but for simplicity we will not consider it here.
POINT SPECTRUM OF PERIODIC OPERATORS ON UNIVERSAL COVERING TREES 4휋 ∶ 퐸 → S푛 be the set of permutations which dene 퐻 , and overload notation to write 휋푒 as well
for the unitary operator which acts by permuting the coordinates of ℂ푛 according to 휋푒 . en 퐴퐻
acts on 휂 ∈ 퓁 2(푉 ) ⊗ ℂ푛 as (퐴퐻휂)(푢) = 푏푢휂(푢) + ∑푒∈휏 (푢) 푎푒휋푒휂(휎 (푒)) ∈ ℂ푛. (2)
By writing ℂ푛 = ℂ푛1 ⊕ ℂ푛0 ≃ ℂ ⊕ ℂ푛−1, where ℂ푛1 is the span of the all-ones vector and ℂ푛0
is its orthogonal complement, we can simultaneously decompose every edge permutation as휋푒 = 1 ⊕ 휌(휋푒); the laer unitary operator on ℂ푛0 ≃ ℂ푛−1 is the regular representation of 휋푒 . us we
may write 퐴퐻 = 퐴퐺 ⊕ 퐴퐻 /퐺 , (3)
where the second acts on 휂 ∈ 퓁 2(푉 ) ⊗ ℂ푛0 in the natural way:(퐴퐻 /퐺휂)(푢) = 푏푢휂(푢) + ∑푒∈휏 (푢) 푎푒휌(휋푒)휂(휎 (푒)) ∈ ℂ푛0 . (4)
In other words, Spec퐴퐻 = Spec퐴퐺 ⊕ Spec퐴퐻 /퐺 , (5)
and we refer to Spec퐴퐻 /퐺 as the new eigenvalues of 퐻 .
Once again writing  = ( ,  ,a, b) for the universal cover of 퐺, we will call the analogous
operator on 퓁 2() the periodic Jacobi operator of  . Since the edge weights a and potential b are
related to those of 퐺 by a푒̃ = 푎Ξ(푒̃) for every 푒̃ ∈  and b푣̃ = 푏Ξ(푣̃) for every 푣 ∈  , niteness of퐺, 푎, and 푏 ensure that 퐴 belongs to the set (퓁 2()) of bounded operators on 퓁 2(), and the
inherited conjugate symmetry condition a푒 = a푒̌ guarantees that it is Hermitian. We use Spec퐴
to denote the spectrum of the periodic Jacobi operator, that isSpec퐴 = {휆 ∈ ℝ ∶ (휆 − 퐴 )−1 ∉ (퓁 2())} . (6)
We remind the reader that, unlike in the nite dimensional case, 휆 ∈ Spec퐴 does not guarantee
an 퓁 2 eigenvector for 휆. e subset of the spectrum with this additional property—the point
spectrum—will be our primary concern in this work. We will return to it below.
For any 푢 ∈ 푉 (퐺), the quantities ⟨훿푢̃, 퐴퓁 훿푢̃⟩ for 퓁 ∈ℕ are real and constant over all 푢̃ in the bre
over 푢, and a routine application of the Riesz representation theorem guarantees an accompanying
spectral measure 휇푢 on Spec퐴 associated to each 푢, satisfying⟨훿푢̃, 푓 (퐴 )훿푢̃⟩ = ∫Spec퐴 푓 (푥) d휇푢(푥) ∀푢̃ ∈ Ξ−1(푢) (7)
for every bounded measurable function 푓 ∶ Spec퐴 → ℂ. e density of states (DOS) of 퐴 is the
unique measure obtained by averaging these spectral measures over 푢 ∈ 푉 (퐺):휇 = 1|푉 (퐺)| ∑푢∈푉 (퐺) 휇푢. (8)
On several occasions we will use the following well-known facts to relate the empirical spectral
measures of nite graphs 퐺 to the densities of states of their universal covers. We provide a proof
below, since we were not able to nd this result verbatim in the literature.
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Lemma 2.1. Let 퐺 be a nite graph,  its universal cover, and 휇 the density of states of 퐴 . ere
exists a sequence of covers 퐺푛 of 퐺 whose girth2 diverges as 푛 goes to innity. Moreover, for this
sequence, the empirical spectral measures 휇푛 of 퐴퐺푛 converges weakly to 휇.
Proof. By induction, it suces to show that for every nite graph 퐻 = (푉 , 퐸) with girth(퐻 ) = 푝
and |퐸| = 2푚, there exists a nite li 퐿 of 퐻 whose girth is strictly larger (the weights and potential
are irrelevant here, and we will suppress them). We will construct 퐿 as a 2푚+1-li of 퐻 , with the
following set of permutations 휋 ∶ 퐸 → S2푚+1. Group the edges in to pairs (푒, 푒̌) consisting of an
edge and its reversal, and order these (푒1, 푒̌1), ..., (푒푚, 푒̌푚). Now let 휋푒푖 be the permutation that maps푗 ↦ 푗 + 2푖 mod 2푚+1 for every 푗 ∈ [2푚+1], and let 휋푒̌푖 = 휋−1푒푖 as required.
Since girth 퐿 > girth퐻 , we need only to show that 퐿 contains no cycle of length 푝. Seeking
contradiction, assume instead that 푒푖1 , ..., 푒푖푝 is a sequence of 푝 directed edges forming a cycle in퐿. Writing 휉 for the covering map, and 휉 (푒푖1), ..., 휉 (푒푖푝 ) form a cycle in 퐻 with length 푝, and sincegirth퐻 = 푝, they are distinct. e vertices of 퐿 are 푉 × [2푚+1], which we regard as a set of 2푚+1
‘layers;’ assume 휎 (푒푖1) is in the 푡th one. Because of how we have arranged the permutations, 휏 (푒푖푝 )
is in layer 푡 ± 2푖1 ±⋯ ± 2푖푝 ≠ 푡 mod 2푚+1, because the 푖1, ..., 푖푝 are distinct and smaller than 푚 + 1.
us 휏 (푒푖푝 ) ≠ 휎 (푒푖1)—a contradiction.
We nally show that, given such a sequence 퐺푛 with diverging girth, 휇푛 converges weakly to 휇.
For every xed positive integer 푘 and each vertex 푢 of 퐺푛, the quantity ⟨훿푢, 퐴푘퐺푛훿푢⟩ is a weighted
count of length-푘 closed walks in 퐺푛 starting and ending at 푢. Since the 퐺푛 have diverging girth,
for 푛 suciently large the depth-푘 neighborhood of 푢 in 퐺푛 is identical to that of every 푢̃ ∈ Ξ−1(푢),
and thus this count is eventually constant and equal to ⟨훿푢̃, 퐴푘 훿푢̃⟩. Finally, as the 푘th moments of
the empirical spectral measures 휇푛 are given by normalized traces of 퐴푘퐺푛 , the method of moments
gives us weak convergence to the density of states. 
Substantially stronger versions of this result are known but will not be necessary for us; we
direct the reader for instance to the recent work of Bordenave and Collins [BC19].
2.3. Point Spectrum and the Aomoto Sets. We will denote the point spectrum of 퐴 asSpec푝 퐴 = {휆 ∈ ℝ ∶ Ker(휆 − 퐴 ) ≠ {0}} . (9)
e following proposition collates several equivalent characterizations of Spec푝 퐴 .
Proposition 2.1. Let 퐺 be a nite graph. Assume 퐺 has at least one cycle, and let  be its universal
cover. en 휆 ∈ Spec푝 퐴 if and only if any of the following hold:
(i) dimKer(휆 − 퐴 ) = ∞
(ii) 휆 is an atom of 휇
(iii) For some 푢 ∈ 푉 (퐺), 휆 is an atom of 휇푢.
(iv) For some 푢 ∈ 푉 (퐺), the Cauchy transform푆푢(푧) = ∫Spec퐴 (푧 − 푥)−1 d휇푢(푥)
has a pole at 휆.
(v) For some 푢 ∈ 푉 (퐺), and every 푢̃ ∈ Ξ−1(푢), there exists 휁 ∈ Ker(휆 − 퐴 ) with 휁 (푢̃) ≠ 0.
2e girth of a graph is the length if its shortest cycle.
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Moreover, the vertices satisfying (iii),(iv), and (v) coincide.
By way of a complicated set of coupled equations satised by the Cauchy transforms 푆푢 , Aomoto
identied a set of vertices of 퐺 whose combinatorial structure is instrumental in understandingSpec푝(퐴 ) and will be the focus of much of this paper.
Denition 2.1 (e Aomoto set). Let 퐺 be a nite graph and assume that 휆 ∈ Spec푝(퐴 ). We
dene the Aomoto set of 퐺 associated to 휆 to be the set of vertices in 푉 (퐺) that satisfy the
equivalent conditions (iii-v) in Proposition 2.1. is set will be denoted by 푋휆(퐺)3.
We will use repeatedly an equivalent form of (v) above: if 푢 ∉ 푋휆(퐺), then any eigenvector휂 ∈ Ker(휆 − 퐴 ) is identically zero on the bre over 푢. We will also require a standard identity
expressing the mass assigned to 휆 ∈ Spec푝 퐴 by the spectral measure 휇푢.
Lemma 2.2. Let 퐺 be a nite graph,  be its universal cover, and 휆 ∈ Spec푝 퐴 . en ifB is any
orthonormal basis for Ker(휆 − 퐴 ), for any 푢 ∈ 푉 and 푢̃ ∈ Ξ−1(푢),휇푢{휆} = ∑휂∈B |휂(푢̃)|2. (10)
Equation (10) follows from a standard application of the Borel functional calculus, where the key
observation is that if 푓휆 ∶ Spec(퐴 )→ ℝ is the indicator function of the singleton {휆} then 푓휆(퐴 )
is the orthogonal projection onto ker(휆 − 퐴 ).
3. Main Results
Our rst contribution is to strengthen a result of Aomoto [Aom91], by way of a new and
more conceptual proof. Its content is to characterize the induced subgraph on 푋휆(퐺) for any휆 ∈ Spec푝 퐴 , and relate the mass 휇{휆} to the local structure of this subgraph and neighboring
vertices. Let us write 휕푋휆(퐺) for the set of vertices outside the Aomoto set but connected to it by
an edge, cc푋휆(퐺) for the number of connected components of the subgraph it induces, and dene
the index of 휆 as 퐼휆(퐺) = cc푋휆(퐺) − |휕푋휆(퐺)|. (11)
Recall that for us a graph 퐺 = (푉 , 퐸, 푎, 푏) contains vertices 푉 , directed edges 퐸, Hermitian edge
weights 푎 ∶ 퐸 → ℂ satisfying 푎푒 = 푎푒̌ and real potential 푏 ∶ 푉 → ℝ.
eorem 3.1. Let 퐺 be a nite graph,  be its universal cover, and 휆 ∈ Spec푝 퐴 . en:
(i) e subgraph induced by 푋휆(퐺) is acyclic,
(ii) 휆 is an eigenvalue, with multiplicity one, of the induced Jacobi operator of each connected
component of this subgraph, and
(iii) e density of states of 퐴 satises|푉 (퐺)| ⋅ 휇{휆} = 퐼휆(퐺). (12)
3is set was referred to as 푋 (1)휆 (퐺) in [Aom91] and [ABS20]; we have dropped the superscript to lighten notation,
and because we will not consider the sets 푋 (훼)휆 (퐺) for 훼 ≠ 1 which appear in that work.
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Assertion (i), which was claimed without proof in [ABS20], claries an ambiguity in Aomoto’s
result, which did not rule out self-loops or multi-edges in the subgraph induced by 푋휆(퐺); (ii) is a
new observation, and (iii) is due to Aomoto. Our new proof is combinatorial and linear algebraic,
using properties of eigenvectors of Jacobi operators on nite and innite trees; the question of
nding an alternative to Aomoto’s original proof explaining the signicance of the quantity 퐼휆(퐺),
was posed in [ABS20, Problem 8.1]. e proofs of (i) and (ii) may be found in Section 4, and that
of (iii) in Section 5.
We then build on the proof of eorem 3.1 to prove a number of novel results. First, we show
that for any graph 퐺, the point spectrum of the periodic Jacobi operator on its unversal cover
is contained in Spec퐴퐺—with multiplicity bounded in terms of the index 퐼휆(퐺). In fact, we can
further rene this result for the Jacobi operator of any cover 퐻 of 퐺.
eorem 3.2. Let 퐺 be a nite graph, 퐻 an 푛-li of 퐺, and  their common universal cover. If휆 ∈ Spec푝 퐴 , then
(i) 휆 ∈ Spec퐴퐺 with multiplicity at least |푉 (퐺)| ⋅ 휇{휆}, and
(ii) 휆 ∈ Spec퐴퐻 /퐺 with multiplicity at least (푛 − 1)|푉 (퐺)| ⋅ 휇{휆}.
Additionally, we prove a converse to eorem 3.1, namely that if a graph has a set replicating
the structure of the Aomoto set for some 휆, then its universal cover has 휆 in its point spectrum.
Let us extend the notation 휕 and cc to apply to any subset 푋 ⊂ 푉 (퐺).
eorem 3.3. Let 퐺 be a nite graph, and let  be its universal cover. If some set of vertices푋 ⊂ 푉 (퐺) induces an acyclic subgraph for which every connected component has 휆 in the spectrum
of its Jacobi operator and 푐푐(푋 ) − |휕푋 | is positive, then
(i) 휆 ∈ Spec퐴퐺 , with multiplicity at least cc(푋 ) − |휕푋 |
(ii) 휆 ∈ Spec푝 퐴 , and |푉 (퐺)| ⋅ 휇{휆} ≥ cc(푋 ) − |휕푋 |.
e proofs of both eorem 3.2 and eorem 3.3 follow from a generalization of the laer, eorem
6.1, which we state and verify in Section 6. e argument proceeds, roughly, by patching together
and extending the 휆-eigenvectors on each component of the Aomoto set promised by eorem 3.1
to global eigenvector of 퐴퐺 and 퐴퐻 /퐺 .
Since the number of forests in a nite graph is nite, and because the conditions in eorem 3.3
are necessary and sucient, by searching through through all possible forests in 퐺 we trivially
obtain a nite time algorithm which can compute the point spectrum of the periodic Jacobi
operator of its universal cover.
Corollary 3.1. Let 퐺 be a nite graph, and let  be its universal cover. ere is a nite-time
algorithm which, on input 퐺, computes Spec푝 퐴 .
Finally, we use eorem 3.1 and eorem 3.3 to argue that point spectrum is rare in a certain
sense.
eorem 3.4. Let 퐺 = (푉 , 퐸) be a nite graph with at least one cycle and  be its universal cover.
Leaving 푉 and 퐸 xed, the set of Hermitian edge weights and potentials for which  has no point
spectrum is open dense in ℝ|푉 | ⊕ ℂ|퐸|/2 and its complement has Lebesgue measure zero.
e above theorem, which we prove in Section 7 resolves [Aom91, estion 2], which speculated
that Spec푝 퐴 was only dependent on the combinatorial structure of 퐺, and not on the edge
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weights and potential. Results in a similar direction were obtained in [KLW12] and [KLW13].
eir results are less general in the sense that require 퐺 to have a loop at every vertex and only
consider the case 푎 ≡ 1, however, they apply to a more general class of trees, namely trees of nite
cone type, and to a broader class of potentials on such trees.
4. Acyclic Nature of Aomoto Sets
In this section we will prove the rst two assertions of eorem 3.1, namely that if 휆 ∈ Spec푝  ,
then the Aomoto set 푋휆(퐺) is acyclic, and 휆 is an eigenvalue of the induced Jacobi operator on
each of its connected components. We begin by generalizing to the innite case a result of Fielder
regarding eigenvectors of nite trees [Fie75, Proposition 1].
Lemma 4.1. Let 푇 be a locally nite tree with Hermitian edge weights and potential 푎 ∶ 퐸(푇 )→ ℂ
and 푏 ∶ 푉 (푇 )→ ℝ respectively, and Jacobi operator 퐴푇 . If 휂 ∈ Ker(휆 − 퐴푡) and 휂(푣) ≠ 0 for every
vertex 푣 ∈ 푉 (푇 ), then dimKer(휆 − 퐴푇 ) = 1.
Proof. Choose a root 푟 for 푇 , and for each vertex 푣, write 푝(푣) for its unique parent, 푇푣 the innite
sub-tree emanating from 푣 away from its parent and 휂|≥푣 for the restriction of 휂 to the subtree 푇푣 .
As 푇 is acyclic, it has no multi-edges or self-loops, and there is no ambiguity in writing 푎푣←푢 for
the weight of the unique edge with source 푢 and terminal 푣. We then have(휆 − 퐴푇 )휂|≥푣 = ∑푢∈푉 (푇푣 ) 휆휂(푢)훿푢 − ∑푢∈푉 (푇푣 )⧵{푣}(퐴푇휂)(푢)훿푢−(푏푣휂(푣) + ∑푥∶푝(푥)=푣 푎푣←푥휂(푥)) 훿푣 − 푎푝(푣)←푣휂(푣)훿푝(푣)= 휆휂(푣)훿푣 − ((퐴푇휂)(푣) − 푎푣←푝(푣)휂(푝(푣))) 훿푣 − 푎푝(푣)←푣)휂(푣)훿푝(푣)= 푎푣←푝(푣)휂(푝(푣))훿푣 − 푎푝(푣)←푣휂(푣)훿푝(푣)
for any 푣 ≠ 푟 . Now, let 휁 ∈ Ker(휆 − 퐴푇 ). As 퐴푇 is self-adjoint and 휆 real,0 = ⟨휁 , (휆 − 퐴푇 )휂|≥푣⟩ = 푎푣←푝(푣)휂(푝(푣))휁 (푣) − 푎푝(푣)←푣휂(푣)휁 (푝(푣)),
which implies 휁 (푣)휁 (푝(푣)) = 푎푝(푣)←푣푎푣←푝(푣) 휂(푣)휂(푝(푣)) .
is identity holds for every 휁 ∈ Ker(휆 − 퐴 ), including 휂 itself, so we obtain휁 (푣)휁 (푝(푣)) = 푎푝(푣)←푣푎푣←푝(푣) 휂(푣)휂(푝(푣)) = 푎푝(푣)←푣푎푣←푝(푣) 푎푝(푣)←푣푎푣←푝(푣) 휂(푣)휂(푝(푣)) = |푎푝(푣)←푣 |2|푎푣←푝(푣)|2 휂(푣)휂(푝(푣)) = 휂(푣)휂(푝(푣)) ;
in the nal equality we have used conjugate symmetry of the edge weights. Since 휂|≥푟 = 휂 ∈Ker(휆 − 퐴 ), 휁 is unconstrained at the root, and the above equation propagates a condition down
the tree that 휁 = 휂 ⋅ 휁 (푟)/휂(푟). 
We now prove that the subgraph of 퐺 induced by 푋휆(퐺) is a forest, and that 휆 is an eigenvalue,
with multiplicity one, of the induced Jacobi operator of each of its connected components.
Proof of eorem 3.1(i-ii). Assume 휆 is in the point spectrum of 퐴 , and let 퐺′ be a connected
component of the subgraph induced by 푋휆(퐺). Let  ′ be the universal cover of 퐺′. If we view  ′
as a subgraph of  then any vector in Ker(휆 − 퐴 ) vanishes on the boundary of  ′ in  , and thus
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restricts to a 휆-eigenvector of  ′. Hence 푋휆(퐺′) = 푉 (퐺′) by Proposition 2.1(v), and we can now
use the following observation, which follows from Zorn’s lemma and appeared as [Nyl98, Lemma
7].
Observation 4.1. If 푋휆(퐺′) = 푉 (퐺′) then there is an 휂 ∈ Ker(휆 −퐴 ′) satisfying 휂(푢) ≠ 0 for every푢 ∈ 푉 ( ′).
Combining Observation 4.1 and Lemma 4.1 we conclude nally that dimKer(휆 − 퐴 ′) = 1, and
thus, by Proposition 2.1(i), that 퐺′ is acyclic. is further implies that  ′ = 퐺′, which proves the
second assertion. 
In the course of the proof above we showed the following fact, which will be of repeated use
throughout the paper.
Lemma 4.2. Let 퐺 be a nite graph with Hermitian edge weights and potential, with 휆 ∈ Spec푝 퐴
and 푇1,… , 푇푝 the Aomoto trees of 퐺 associated to 휆. en, for every 푖 ∈ [푝] there is a unique (up to
phase) unit vector 휁푖 ∈ Ker(휆 − 퐴푇푖 ) satisfying 휁 (푢) ≠ 0 for every 푢 ∈ 푉 (푇푖).
For use in the next section, we record one consequence of the above lemma.
Observation 4.2. Let 퐺 be a graph with 푏 ≡ 0,  its universal cover, and assume 0 ∈ Spec푝 퐴 .
en 푋0(퐺) is an independent set in 퐺.
Proof. By Lemma 4.2, each Aomoto tree of 퐺 must have a unique, everywhere nonzero eigenvector
in the kernel of its Jacobi operator. On the other hand, a vector in the kernel of a Jacobi operator
with potential zero for a tree cannot be nonzero at the parent of a leaf. us every Aomoto tree of퐺 is an isolated vertex as desired. 
5. Aomoto’s Index Formula
In this section we complete the proof of eorem 3.1 by verifying the formula in equation (12):
if 휆 ∈ Spec푝 퐴 , then |푉 (퐺)| ⋅ 휇{휆} = 퐼휆(퐺).
Our strategy will be to reduce the problem to the proof of an analogous result on an auxiliary
bipartite graph 퐺′.
5.1. Constructing the Auxilliary Graph. Let 푇1,… , 푇푝 be the Aomoto trees of 퐺 = (푉 , 퐸, 푎, 푏)
associated to 휆, write 푖 for the set of disjoint copies of 푇푖 in  = ( ,  ,a, b) obtained by liing푇푖 , and let  = ⋃푝푖=1 푖 . Note that  is a subforest of  and all of its subtrees are isomorphic to
some Aomoto tree of 퐺.
By Lemma 4.2 there is for each 푇푖 a unique (up to phase) vector 휁푖 ∈ Ker(휆 −퐴푇푖 ) with unit norm
and nonzero entries. Take any 휂 ∈ Ker(휆 − 퐴 ). For every 푆 ∈  , by denition of the Aomoto set
it holds that 휂 is zero on all vertices in 휕푉 (푆). Hence, the restriction of 휂 to any 푆 ∈ 푖 induces an
eigenvector of 퐴푇푖 . is implies that 휂 can be decomposed as휂 = ∑푆∈ 훼푆휁푆 , (13)
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Figure 1. On the le an example of a graph 퐺 with Aomoto trees in red. On the
right its auxiliary graph 퐺′, where each tree 푇푖 has been contracted into a vertex 푡푖
and the blue edges have been removed.
where 훼푆 ∈ ℝ are coecients and the 휁푆 ∈ 퓁 2(푉 ( )) are inclusions of the 휆-eigenvectors of each
Aomoto tree: 휁푆(푣) = {휁푖(Ξ(푣)) if 푣 ∈ 푉 (푆) and 푆 ∈ 푖0 otherwise .
We now construct 퐺′ = (푉 ′, 퐸′, 푎′, 푏′); the process is summarized in Figure 1. First, 푉 ′ is obtained
from 푉 by deleting every vertex outside 푋휆(퐺) ∪ 휕푋휆(퐺), and contracting each Aomoto tree 푇푖
to a single vertex 푡푖 . Write {푡1, ..., 푡푝} = 푈 ⊂ 푉 ′, and identify 휕푋휆(퐺) with 휕푈 . Now, for each푣 ∈ 휕푈 = 휕푋휆(퐺) and each edge 푒 ∈ 휏 (푣) ⊂ 퐸 whose source is in a tree 푇푖 , include an edge 푒′ ∈ 퐸′
with 휏 (푒′) = 푣 and 휎 (푒′) = 푡푖 , and set its weight as푎푒′ = 푎푒휁푖(휎 (푒)). (14)
is process is mirrored to construct an edge 푓 ′ ∈ 퐸′ from any 푓 ∈ 휎 (푣) ⊂ 퐸 whose terminal is in푇푖; no other edges are included. Finally, the potential 푏′ is identically zero.
We have arranged things so that 퐺′ is bipartite, with connected components 퐺′1, ..., 퐺′푚, whose
respective covers we will denote  ′1 , ...,  ′푚. We may also construct a new innite graph  ′ =( ′,  ′,a′, b′) from  analogously to the construction of퐺′ from퐺: by deleting the bres over any
vertex outside 푋휆(퐺) ∪ 휕푋휆(퐺), contracting each tree 푆 ∈  ⊂  into a single vertex 푢푆 , including
for each 푒 ∈  with ends in Ξ−1(푋휆(퐺)) and Ξ−1(휕푋휆(퐺)) a corresponding edge 푒′ ∈  ′ with ends in
the contraction if Ξ−1(푋휆(퐺)) and its boundary, and reweighting any such edge according to (14).
is  ′ consists of countably many copies of each  ′푗 , and is a cover of 퐺′ via a map Ξ′; note that(Ξ′)−1(푈 ) = {푢푆 ∶ 푆 ∈ }, the contraction of Ξ−1(푋휆(퐺)). With this setup and the decomposition
in (13), any 휂 ∈ Ker(휆 − 퐴 ) gives rise to a vector 휂′ ∈ 퓁 2(푉 ( ′)) in a natural way:휂 = ∑푆∈ 훼푆휁푆 ↦ 휂′ = ∑푆∈ 훼푆훿푢푆 . (15)
Observation 5.1. e map 휂↦ 휂′ is an isometric inclusion of Ker(휆 − 퐴 ) in Ker퐴 ′ .
Proof. Preservation of norm is immediate since 휁푆 is a unit vector and since the map is an isometry
it is injective; it remains only to show that Ker(휆 − 퐴 ) is mapped to Ker퐴 ′ . e vector 휂′ is
identically zero on the bre over 휕푈 and thus (퐴푇 ′휂′)(푢) = 0 for any 푢 ∈ (Ξ′)−1(푈 ). It remains only
to consider 푣 ∈ (Ξ′)−1(휕푈 ), which as above we may identify with Ξ−1(휕푋휆(퐺)) ⊂  . For each edge푒 ∈ 휏 (푣) ⊂  write 푆푒 for the tree in  to which 휎 (푒) belongs, so that the reweighting in (14) gives
POINT SPECTRUM OF PERIODIC OPERATORS ON UNIVERSAL COVERING TREES 11푎′푒′ = 푎푒휁푆푒 (휎 (푒)). As the potential 푏′ is identically zero and 휂 and 휂′ vanish outside the bres over푋휆(퐺) and 푈 respectively, we have(퐴 ′휂′)(푣′) = b푣′휂′(푣′) + ∑푒′∈휏 (푣′)⊂ ′ a′푒′휂′(휎 (푒′))= ∑푒∈휏 (푣)⊂∶휎 (푒)∈Ξ−1(푋휆(퐺))a푒휁푆푒 (휎 (푒))훼푆푒= b푣휂(푣) + ∑푒∈휏 (푣)⊂ a푒휂(휎 (푒))= (퐴 휂)(푣)= 휆휂(푣) = 0.
In the third line, note that some edges in 휏 (푣) ⊂  have a source outside of the bre over 푋휆(퐺),
but that 휂 is identically zero there. 
Immediately from this observation, we can conclude that 0 ∈ Spec푝 퐴 ′ . Moreover, as  ′ is
comprised of disjoint copies of the  ′푗 ’s, 퐴 ′ restricts to 퐴 ′푗 on each one, and thus 0 ∈ Spec푝 퐴 ′푗
for at least one  ′푗 . Our next observation characterizes the associated Aomoto set on 퐺′푗 . Recall
that 퐺′ is bipartite with vertex classes 푈 and 휕푈 , and let us write 푈푗 and 휕푈푗 for the corresponding
classes of vertices in each connected component 퐺′푗 .
Observation 5.2. 푋0(퐺′푗 ) = 푈푗 .
Proof. By Proposition 2.1, the denition of the map 휂↦ 휂′, and Observation 5.1, we immediately
have the inclusion 푈푗 ⊂ 푋0(퐺′푗 ), since any 휂 ∈ Ker(휆 − 퐴 ) maps to 휂′ supported only on the bre
over 푈푗 . On the other hand, from Lemma 4.2, we know that 푋0(퐺′푗 ) is an independent set, and 푈푗 is
a maximal independent set in 퐺′푗 by denition of 휕푈푗 . 
Finally, we can strengthen Observation 5.1
Observation 5.3. e map 휂↦ 휂′ gives an isomorphism between Ker(휆 − 퐴 ) and Ker퐴 ′ .
Proof. We noted above that 퐴 ′ decomposes as a direct sum of the Jacobi operators on the copies
of  ′푗 comprising  ′. By applying Observation 5.2 separately to each copy, any 휃 ∈ Ker퐴 ′ is
supported only on (Ξ′)−1(푈 ). us the adjoint of the map 휂↦ 휂′ takes any vector 휃 ∈ Ker퐴 ′ to
one in 퓁 2(푉 ( )): 휃 = ∑푆∈ 훼푆훿푢푆 ↦ ∑푆∈ 훼푆휁푆 .
Once again this is clearly injective and norm-preserving, and a parallel argument to Observation 5.1
shows that it takes Ker퐴 ′ into Ker(휆 − 퐴 ). 
We can nally relate the density of states of 퐴 to those of the 퐴 ′푗 .
Observation 5.4. Let 푇 be an Aomoto tree in 퐺, and 푡 ∈ 푉 (퐺′푗 ) its contraction in a component퐺′푗 of 퐺′. Writing 휇′푡 for the spectral measure of 푡 in 퐴 ′푗 , and for 휇푣 for the spectral measure of 퐴
for each 푣 ∈ 푉 (푇 ) ⊂ 푉 (퐺), we have ∑푣∈푉 (푇 ) 휇푣{휆} = 휇′푡{0}.
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Proof. Choose a copy 푇̃ of 푇 in its bre in  , and let 푡̃ be the contraction of 푇̃ in  ′푗 ⊂  ′. By
construction, for each 휂 ∈ ker(휆 − 퐴 ),휂′(푡̃)2 = ∑푣̃∈푉 (푇̃ ) 휂(푣̃)2.
Now, let B′푗 be an orthonormal basis of Ker퐴 ′푗 . By Observation 5.3 this is the image of some
orthonormal set B푗 in Ker(휆 − 퐴 ). In particular, recalling our construction of  ′ from  by
deleting vertices and contracting Aomoto trees, our chosen copy of  ′푗 in  ′ pulls back to a subtree푗 of  containing 푇̃ . Moreover, B푗 is an orthonormal basis for the orthogonal projection ofKer(휆−퐴 ) to the subspace of 퓁 2() supported on the vertices of 푗 , and we can therefore augment
B푗 to an orthonormal basisB of Ker(휆 − 퐴 ), whose additional vectors vanish on 푗 .
We now use Lemma 2.2 to compute∑푣∈푉 (푇 ) 휇푣{휆} = ∑푣̃∈푉 (푇̃ ) ∑휂∈B 휂(푣̃)2 = ∑푣̃∈푉 (푇̃ ) ∑휂∈B푗 휂(푣̃)2 = ∑휂∈B푗 휂′(푡̃)2 = ∑휂′∈B′푗 휂′(푡̃)2 = 휇′푡{0}.

5.2. Analyzing the Auxiliary Graph. is section is devoted to the nal observation of our
proof:
Observation 5.5. Fix 푗 ∈ [푚] and assume that 0 ∈ Spec푝 퐴 ′푗 . en∑푡∈푈푗 휇′푡{0} = 퐼0(퐺′푗 ).
is will nish the proof, as combining Observations 5.4 and 5.5 and recalling the construction of퐺′ gives |푉 (퐺)| ⋅ 휇{휆} = ∑푢∈푋휆(퐺) 휇푢{휆} = ∑푡∈푈 휇′푡{0}= ∑푗∈[푚] 퐼0(퐺′푗 ) = ∑푗∈[푚] |푈푗 | − |휕푈푗 |= |푈 | − |휕푈 | = cc푋휆(퐺) − |휕푋휆(퐺)|= 퐼휆(퐺).
Proof of Observation 5.5. Let 휇′ be the DOS of 퐴 ′푗 . Let 퐿1, 퐿2,… be a sequence of nite lis of퐺′푗 with covering maps 휉푛 ∶ 퐿푛 → 퐺′푗 . By Lemma 2.1 we may choose the 퐿푛 with girth going
to innity. Since 퐺′푗 is bipartite with zero potential, the Jacobi matrices 퐴퐿푛 and 퐴 ′푗 have the
following block structure퐴퐿푛 = ( 0 푍 푇푛푍푛 0 ) and 퐴 ′푗 = ( 0 푍 푇∞푍∞ 0 ) ,
where for 푛 ∈ ℕ ∪ {∞} the domain and range of 푍푛 correspond to the bers of 휕푈푗 and 푈푗
respectively. Note that 퐴2퐿푛 = 푍 푇푛 푍푛 ⊕ 푍푛푍 푇푛 and 퐴2 ′푗 = 푍 푇∞푍∞ ⊕ 푍∞푍 푇∞ .
Let 휇푍푛푍푇푛 and 휇푍푇푛 푍푛 be the empirical spectral distributions of 푍푛푍 푇푛 and 푍 푇푛 푍푛 respectively. Fix
a positive integer 푘 and note that, since 퐿푛 is bipartite, the terms in tr(푍 푇푛 푍푛)푘 are in one-to-one
correspondence with the closed walks of length 2푘 in 퐿푛 that start and end at the same vertex
in 휉 −1푛 (휕푈푗). Moreover, by the girth assumption, for large enough 푛 it holds that the value of the
diagonal entries of 퐴2푘퐿푛 are constant on each ber 휉 −1푛 (푣) for every 푣 ∈ 푉 (퐺′푗 ) and coincide with
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the respective diagonal entries of 퐴2푘 ′푗 . Hence, if we write 휈푣 for the spectral measure of 푢 for the
operator 퐴2 ′푗 , then by the method of moments 휇푍푇푛 푍푛 and 휇푍푛푍푇푛 converge weakly to휈휕푈푗 = 1|휕푈푗 | ∑푣∈휕푈푗 휈푣 and 휈푈푗 = 1|푈푗 | ∑푣∈푈푗 휈푣 . (16)
Since 푋0(퐺′푗 ) = 푈푗 , equation (16) implies 휈휕푈푗{0} = 0. If it were the case that |휕푈푗 | > |푈푗 |, we
would have by standard properties of matrices that the spectrum of 푍 푇푛 푍푛 is equal to that of 푍푛푍 푇푛 ,
plus the eigenvalue zero with multiplicity at least |휕푈푗 | − |푈푗 |, and thus|휕푈푗 | − |푈푗 ||휕푈푗 | ≤ lim sup푛→∞ 휇푍푛푍푇푛 {0} ≤ 휈휕푈푗{0} = 0,
a contradiction. us 퐼0(퐺′푗 ) ≥ 0. Applying the same matrix property a second time, we have휇푍푛푍푇푛 = (1 − 퐼0(퐺′푗 )|푈푗 | ) 휇푍푇푛 푍푛 + 퐼0(퐺′푗 )|푈푗 | 훿0.
By weak convergence, and as compact measures are determined by their moments,휈푈푗 = (1 − 퐼0(퐺′푗 )|푈푗 | ) 휈휕푈푗 + 퐼0(퐺′푗 )|푈푗 | 훿0,
and thus ∑푡∈푈푗 휇′푡{0} = |푈푗 |휈푈푗{0} = (|푈푗 | − 퐼0(퐺′푗 )) 휈휕푈푗{0} + 퐼0(퐺′푗 )훿0{0} = 퐼0(퐺′푗 ).

6. A Generalized Converse to Aomoto’s Theorem
In this section we will prove the following generalization of eorem 3.3, and use it to prove
one our other main contribution, eorem 3.2.
eorem 6.1. Let 퐺 be a ntite graph,  its universal cover, 푈 ∶ 퐸(퐺) → U(푛) a set of unitary-
valued edge weights satisfying 푈 ∗푒 = 푈푒̌ for every 푒 ∈ 퐸(푇 ), and 퐴퐺,푈 the unitary-weighted Jacobi
operator acting on 휂 ∈ 퓁 2(푉 (퐺)) ⊗ ℂ푛 as(퐴퐺,푈휂)(푣) = 푏푣휂(푣) + ∑푒∈휏 (푣) 푎푒푈푒휂(휎 (푒)) ∈ ℂ푛.
If some set of vertices 푋 ⊂ 푉 (퐺) induces an acyclic subgraph, every component of which has 휆 in the
spectrum of its induced unitary-weighted Jacobi operator and cc(푋 ) − |휕푋 | > 0, then 휆 ∈ Spec퐴퐺,푈
with multiplicity at least 푛(cc(푋 ) − |휕푋 |).
We begin with a lemma regarding unitary-weighted Jacobi operators of nite trees.
Lemma 6.1. Let 푇 be a nite tree, 푈 ∶ 퐸(푇 )→ U(푛) a set of unitary-valued edge weights satisfying푈 ∗푒 = 푈푒̌ for every 푒 ∈ 퐸(푇 ), and 퐴푇 ,푈 the associated unitary-weighted Jacobi operator. If 휆 ∈ Spec퐴푇 ,
then 휆 ∈ Spec퐴푇 ,푈 with multiplicity at least 푛.
Proof. As in the proof of Lemma 4.1, we will choose a root 푟 of 푇 , for each vertex 푣 write 푝(푣)
for its unique parent and 푐(푣) for its set of children, and, since 푇 is acyclic, write 푣 ← 푢 for the
unique edge with source 푢 and terminal 푣. By absorbing 휆 into the potential, it suces to study
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the case when 휆 = 0. So, let 휂 ∈ Ker퐴푇 ; we will produce a subspace of dimension 푛 contained inKer퐴푇 ,푈 .
Fix a vector 휁0 ∈ ℂ푛 and set 휁 (푟) = 휁0. For each vertex 푣 ∈ 푉 (푇 ), leing 훾푣 denote the directed
edges in the unique shortest path from 푣 to 푟 , set휁 (푣) = ∏푒∈훾푣 푈 ∗푒 ⋅ 휂(푣) ⋅ 휁0
We claim that 휁 ∈ Ker퐴푇 ,푈 ; since 휁0 was arbitrary, this will complete the proof.
At the root, we have(퐴푇 ,푈 휁 )(푟) = 푏푟휂(푟)휁0 + ∑푢∈푐(푟) 푎푟←푢푈푟←푢푈푢←푟휂(푢)휁0 = (푏푟휂(푟) + ∑푢∈푐(푟) 푎푟←푢휂(푢)) 휁0 = 0,
since 푈푟←푢푈푢←푟 = 1 and 휂 ∈ Ker퐴푇 . Similarly, for any other vertex 푣 ∈ 푉 (푇 ), conjugate symmetry
of the unitary weights gives us(퐴푇 ,푈 휁 )(푣) = 푏푣 ∏푒∈훾푣 푈 ∗푒 휂(푣)휁0 + 푎푣←푝(푣)푈푣←푝(푣) ∏푒∈훾푝(푣)푈 ∗푒 휂(푝(푣))휁0 + ∑푢∈푐(푣) 푎푣←푢푈푣←푢 ∏푒∈훾푢 푈 ∗푒 휂(푢)휁0= (푏푣 + 푎푣←푝(푣)휂(푝(푣)) + ∑푢∈푐(푣) 푎푣←푢휂(푢)) ∏푒∈훾푣 푈 ∗푒 휁0= 0.

We can now proceed with the proof.
Proof of eorem 6.1. For any Aomoto tree 푇 of 퐺, the induced Jacobi operator 퐴푇 has 휆 in its
spectrum. By Lemma 6.1, the induced unitary-weighted Jacobi operator 퐴푇 ,푈 thus satisesdimKer(휆 − 퐴푇 ,푈 ) ≥ 푛, and therefore the space⨁푇⊂푋휆(퐺)Ker(휆 − 퐴푇 ,푈 ) ⊂ 퓁 2(푋휆(퐺)) ⊗ ℂ푛 ⊂ 퓁 2(푉 ) ⊗ ℂ푛
has dimension 푛 cc푋휆(퐺). We will show that it contains a subspace of dimension 푛퐼휆(퐺) which is
itself contained in Ker(휆 − 퐴퐺푈 ).
For each 푣 ∈ 푋휆(퐺), let Π푣 ∶ 퓁 2(푉 ) ⊗ ℂ푛 → 퓁 2(푣) ≃ ℂ푛 be the orthogonal projection to theℂ푛-valued functions in 퓁 2(푉 ) ⊗ ℂ푛 supported on 푣. For each 푢 ∈ 휕푋휆(퐺), there is an operator휙푢 = ∑푒∈휏 (푢)휎 (푒)∈푋휆(퐺) 푎푒푈푒Π휎 (푒) ∶ ⨁푇⊂푋휆(퐺)Ker(휆 − 퐴푇 ,푈 )→ 퓁 2(푣) ≃ ℂ푛
and we dene 휙 = ⨁푢∈휕푋휆(퐺) 휙푢 ∶ ⨁푇⊂푋휆(퐺)Ker(휆 − 퐴푇 ,푈 )→ 퓁 2(휕푋휆(퐺)) ≃ ℂ푛|휕푋휆(퐺)|.
Counting dimensions, dimKer 휙 ≥ 푛퐼휆(퐺), and we will show that Ker 휙 ⊂ Ker(휆 − 퐴퐺,푈 ).
Let 휁 ∈ Ker 휙; since the laer is a subspace of 퓁 2(푋휆(퐺)) ⊗ ℂ푛 ⊂ 퓁 2(푉 ) ⊗ ℂ푛, we have 휁 (푢) = 0 for
every 푢 ∉ 푋휆(퐺). is immediately gives ((휆 − 퐴퐺,푈 )휁 ) (푢) = 0 for any 푢 outside the Aomoto set
and its boundary, as 휁 is identically zero on 푢 and its neighbors. On the other hand, if 푢 belongs
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to some tree 푇 in the Aomoto set, then because Ker 휙 ⊂ ⨁푇⊂푋휆(퐺) Ker(휆 − 퐴푇 ,푈 ) and 휁 vanishes on휕푋휆(퐺), we have((휆 − 퐴퐺,푈 )휁 )(푢) = 휆휁 (푢) + 푏푢휁 (푢) + ∑푒∈휏 (푢) 푎푒푈푒휁 (휎 (푒))= 휆휁 (푢) + 푏푢휁 (푢) + ∑푒∈휏 (푢)휎 (푒)∈푇 푎푒푈푒휁 (휎 (푒)) = ((휆 − 퐴푇 ,푈 )휁 )(푢) = 0
It remains to check that ((휆 − 퐴퐺,푈 )휁 )(푢) = 0 when 푢 ∈ 휕푋휆(퐺), which will follow from 휁 ∈ Ker 휙.
In particular, using a nal time that 휁 is supported only on the Aomoto set, if 푢 ∈ 휕푋휆(퐺) we have((휆 − 퐴퐺,푈 )휁 )(푢) = 휆휁 (푢) + 푏푢휁 (푢) + ∑푒∈휏 (푢) 푎푒푈푒휁 (휎 (푒)) = ∑푒∈휏 (푢)휎 (푒)∈푋휆(퐺) 푎푒푈푒휁 (휎 (푒)) = (휙휁 )(푢) = 0.

eorems 3.2 and 3.3 now follow easily.
Proof of eorem 3.2. By eorem 3.1, the Aomoto set satises the hypotheses of eorem 6.1, and
if 퐻 is an 푛-li of 퐺, both 퐴퐺 and 퐴퐻 /퐺 are unitary-weighted Jacobi operators for 퐺—the former
with weights taking values in 푈 (1) and the laer in 푈 (푛 − 1) by the discussion in Section 2.2. us휆 ∈ Spec퐴퐺 with multiplicity at least
cc(푋휆(퐺)) − |휕푋휆(퐺)| = 퐼휆(퐺) = |푉 (퐺)| ⋅ 휇{휆}
and similarly 휆 ∈ Spec퐴퐻 /퐺 with multiplicity at least (푛 − 1)|푉 (퐺)| ⋅ 휇{휆}, as desired. 
Proof of eorem 3.3. Assertion (i) is a special case of eorem 6.1. For (ii), let 퐺푛 be the sequence
of lis of 퐺 promised in Lemma 2.1, whose empirical spectral measures 휇퐺푛 converge weakly to the
density of states 휇. Applying eorem 6.1 to each 퐴퐺푛 , viewed again as a unitary-weighted Jacobi
operator on 퐺, the empirical spectral measures 휇퐺푛 satisfy 휇퐺푛{휆} ≥ cc(푋 )−|휕푋 |푉 (퐺) . As these converge
weakly to 휇, we have 휇{휆} ≥ cc(푋 ) − |휕푋 |푉 (퐺) .

We conclude this section by illustrating how one may combine eorem 3.1 and eorem 3.3 to
deduce the Aomoto set of a given graph 퐺.
Example 6.1. Let 퐺 be the complete bipartite graph 퐾푐,푑 . Assume 푑 > 푐 and denote by 푉푐 and 푉푑
the vertex components of 퐺 having 푐 and 푑 vertices respectively. We will rst analyze the case
when 푏 ≡ 0 and 푎 is any Hermitian edge weighting. It is easy to see that 푉푑 is a set satisfying
the conditions of eorem 3.3 for 휆 = 0. Hence 휇{0} ≥ 푑−푐푑+푐 . en by eorem 3.1, 푋0(퐺) ≠ ∅ and
moreover 퐼0(퐺) ≥ 푑 − 푐. Now, by Observation 4.2, 푋0(퐺) is an independent set in 퐺, which together
with the previous observations implies that in fact 푋0(퐺) = 푉푑 . So by eorem 3.1, when 푏 ≡ 0,휇{0} = 푑−푐푑+푐 and the vectors in ker(퐴 ) are supported on the bre of 푉푑 , which extends a result of
Godsil and Mohar [GM88]. In the more general case when 푏 is not necessarily 0, the existence
and location of eigenvalues of 퐴 depend on the particular choice of 푏, and moreover by eorem
3.4 we know that one may choose 푏 such that 퐴 has no point spectrum. is discussion resolves
Problems 8.6 and 8.7 posed in [ABS20].
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7. Spectral Delocalization for 퐴
We are now ready to provide a proof of eorem 3.4. e fact that the set mentioned in
the theorem is open dense will follow from eorem 3.3, while the fact that its complement
is of measure zero will follow from eorem 3.1. is result can be interpreted as an almost
surely spectral delocalization result, since it implies that under a random absolutely continuous
perturbation (with respect to the Lebesgue measure) of the edge weights and potential of 퐺, the
spectrum of 퐴 becomes purely absolutely continuous.
Proof of eorem 3.4. Let  ⊂ ℝ|푉 |⊕ℂ|퐸|/2 be the set of parameters for which 퐴 has point spectrum,
and let (퐺) be the family of vertex sets 푋 ⊂ 푉 that induce an acyclic subgraph of 퐺 with the
property that cc(푋 ) − |휕푋 | > 0. For every 푋 ∈ (퐺) denote the forest induced by 푋 by 푋 and let푋 ⊂ ℝ|푉 | ⊕ ℂ|퐸|/2 be the set of parameters for which all the Jacobi matrices of the trees in 푋 have
a common eigenvalue. Note that eorem 3.1 implies that
 ⊂ ⋃푋∈(퐺)푋 . (17)
Now x 푋 ∈ (퐺) and let 푇1,… , 푇푝 be the trees in 푋 . Since 퐺 is not a tree and cc(푋 ) − |휕푋 | > 0
we know that 푝 ≥ 2. For any Hermitian edge weights 푎 ∶ 퐸 → ℂ, let 푥 = ℜ(푎) and 푦 = ℑ(푎), that is,
for every 푒 ∈ 퐸 we have 푎푒 = 푥푒 + 푖푦푒 with 푥푒 , 푦푒 ∈ ℝ. With this setup, the real and imaginary parts
of the characteristic polynomial of each 퐴푇푖 , which we will denote by 푃푖(푥, 푦, 푏, 푧) and 푄푖(푥, 푦, 푏, 푧),
can be viewed as polynomials with real coecients in 푥푒 , 푦푒 , 푏푣 and a variable 푧.
If (푎, 푏) ∈ 푋 , then 푃1(푥, 푦, 푏, 푧) and 푃2(푥, 푦, 푏, 푧), viewed as polynomials in 푧, have a common
root, so their resultant 푅(푃1(푥, 푦, 푏, 푧), 푃2(푥, 푦, 푏, 푧)) with respect to 푧 vanishes. In other words
푋 ⊂ {(푎, 푏) ∈ ℝ|푉 | ⊕ ℂ|퐸|/2 ∶ 푅(푃1(푥, 푦, 푏, 푧), 푃2(푥, 푦, 푏, 푧)) = 0}. (18)
On the other hand, 푅(푃1(푥, 푦, 푏, 푧), 푃2(푥, 푦, 푏, 푧)) is a polynomial with real coecients in the 푥푒 , 푦푒
and 푏푣 . Using the identication ℂ|퐸|/2 ≅ ℝ|퐸|, the set on the right hand of (18) is the zero locus
in ℝ|푉 |+|퐸| of a polynomial with real coecients, and hence it is a nite union of real algebraic
varieties, so it has Lebesgue measure zero. Since (퐺) is nite, by (17) we get that  is contained
in a nite union of sets of measure zero, so  itself has Lebesgue measure zero.
To see that  푐 is open, we begin by noting that eorem 3.3 (ii) implies that the reverse
containment of (17) holds, and hence  = ⋃푋∈(퐺) 푋 . So, if (푎, 푏) ∈  푐 , for every 푋 ∈ (퐺), the
Jacobi matrices of the trees in 푋 , with labels in (푎, 푏), do not have a common eigenvalue. Fix(푎, 푏) ∈  푐 and dene
 = ⋃푋∈(퐺) ⋃푇∈푋 Spec퐴푇 .
As 푋 is nite for each of the nitely many 푋 ∈ (퐺), we may safely dene Δ > 0 to be the
smallest distance between two distinct points in  . We will show that if (푎′, 푏′) ∈ ℝ|푉 | ⊕ ℂ|퐸|/2
satises ‖(푎, 푏) − (푎′, 푏′)‖2 < Δ/2 then (푎′, 푏′) ∈  푐 .
Assume otherwise. en there exists an 푋 ∈ (퐺) such that the Jacobi matrices with parameters
in (푎′, 푏′) of the trees in 푋 have a common eigenvalue 휆. Let 푇1,… , 푇푝 be the trees in 푋 with
parameters in (푎, 푏) and let 푇 ′1 ,… , 푇 ′푝 denote the same trees but with parameters in (푎′, 푏′). For
every 푖 let 휆푖 be the closest point in Spec퐴푇푖 to 휆. Since (푎, 푏) ∈  푐 we have 휆푖 ≠ 휆푗 for some 푖, 푗.
On the other hand since ‖퐴푇푖 − 퐴푇 ′푖 ‖ ≤ ‖퐴푇푖 − 퐴푇 ′푖 ‖퐹 ≤ ‖(푎, 푏)‖2 < Δ/2 and similarly ‖퐴푇푗 − 퐴푇 ′푗 ‖ < Δ/2,
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the triangle inequality and Weyl’s inequality together imply|휆푖 − 휆푗 | ≤ |휆푖 − 휆| + |휆푗 − 휆| < Δ/2 + Δ/2 = Δ,
contradicting the denition of Δ. 
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